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It is widely accepted that the fundamental geometrical law of nature should follow from an action princi-
ple. The particular subset of transformations of a system’s dynamical variables that maintain the form of the
action principle comprises the group of canonical transformations. In the context of canonical field theory, the
adjective “extended” signifies that not only the fields but also the space-time geometry is subject to transfor-
mation. Thus, in order to be physical, the transition to another, possibly noninertial frame of reference must
necessarily constitute an extended canonical transformation that defines the general mapping of the connection
coefficients, hence the quantities that determine the space-time curvature and torsion of the respective reference
frame. The canonical transformation formalism defines simultaneously the transformation rules for the conju-
gates of the connection coefficients and for the Hamiltonian. As will be shown, this yields unambiguously a
particular Hamiltonian that is form-invariant under the canonical transformation of the connection coefficients
and thus satisfies the general principle of relativity. This Hamiltonian turns out to be a quadratic function of the
curvature tensor. Its Legendre-transformed counterpart then establishes a unique Lagrangian description of the
dynamics of space-time that is not postulated but derived from basic principles, namely the action principle and
the general principle of relativity. Moreover, the resulting theory satisfies the principle of scale invariance and
is renormalizable.
PACS numbers: 04.20.Fy, 04.50.Kd, 11.10.Ef, 47.10.Df
I. INTRODUCTION
The special principle of relativity states that the funda-
mental laws of physics must be form-invariant under Lorentz
transformations. This can be regarded as to require the de-
scription of a system to be form-invariant under a global trans-
formation group, namely the Lorentz group. The generaliza-
tion to noninertial reference frames is referred to as the gen-
eral principle of relativity. According to this principle, the de-
scription of a system is required to be form-invariant under the
corresponding local transformation group, namely the diffeo-
morphism group that comprises mappings of the local space-
time geometry. In this regard, the transition from the special
to the general principle of relativity meets the gauge principle.
The latter requires a physical system that happens to be form-
invariant under a characteristic global transformation group
of the fields to be rendered form-invariant under the corre-
sponding local transformation group, hence the correspond-
ing explicitly space-time dependent transformation group of
the fields. For this requirement to be met, a set of “gauge
fields” must be added to the system’s dynamics that obey a
specific inhomogeneous transformation rule. In the case of
General Relativity, the local transformation group is consti-
tuted by space-time dependent mappings of the local curva-
ture and possibly the local torsion of the reference frames. The
“gauge fields” are then given by the connection coefficients—
also referred to as Christoffel symbols for the particular case
of a coordinate (holonomic) basis of the reference frame. The
connection coefficients also obey a specific inhomogeneous
transformation rule relating different reference frames.
The laws which govern the dynamics of classical systems
∗ j.struckmeier@gsi.de
can be derived from Hamilton’s action principle. In this con-
text, a dynamical system is described by a Lagrangian or its
Legendre transform, the Hamiltonian. From the action princi-
ple, the dynamics of a classical particle or of a classical field
can be derived by integrating the Euler-Lagrange equations
or, equivalently, by integrating the canonical equations. The
subsequent theory of canonical transformations then isolates
exactly the subset of those transformations of the dynamical
variables that maintain the form of the action principle—and
hence the general form of the canonical equations. As canoni-
cal transformations are not restricted to point transformations,
the canonical formalism thus establishes the most general path
to work out theories that are supposed to be form-invariant un-
der the action of a transformation group of the fields while en-
suring the action principle to be maintained. In the extended
canonical transformation formalism, the space-time geometry
is also subject to transformation. With the space-time then
treated as a dynamic variable, a theory that is form-invariant
as well under the canonical mapping of the connection coeffi-
cients then simultaneously maintains the action principle and
satisfies the general principle of relativity.
With this paper, a generalization of the Hamiltonian gauge
transformation formalism is reviewed [1] that extends the re-
quirement of form-invariance under a local transformation
group of the fields to also demand form-invariance under lo-
cal transformation of the connection coefficients. Thereby, the
well-known formal similarities between non-Abelian gauge
theories [2] and general relativity ([3, p 409], [4, p 163]) are
encountered. With the transformation rules for the connec-
tion coefficients and their respective canonical conjugates be-
ing derived from a generating function, it is automatically as-
sured that the extended action principle is preserved, hence
that the actual space-time transformation is physical. No ad-
ditional assumptions need to be incorporated for setting up
an amended Hamiltonian that is locally form-invariant on the
2basis of a given globally, hence Lorentz-invariant Hamilto-
nian. In particular, the connection coefficients are introduced
in the most general way by only specifying their transforma-
tion properties. No a priori assumptions are incorporated. In
particular, it is not assumed that the connection coefficients
are symmetric in their lower index pair, hence that a torsion
of space-time is excluded [5]. Furthermore, following Pala-
tini’s approach [6], the correlation of the connection coeffi-
cients with the metric emerges from a canonical equation—or
from an Euler-Lagrange equation in the equivalent Lagrangian
description—rather than being postulated.
Prior to working out the general local space-time transfor-
mation theory in the extended canonical formalism in Sec. V,
the formalism of extended Lagrangians and Hamiltonians and
their subsequent field equations is presented in Secs. II and III.
With the space-time treated as a dynamical variable, the ex-
tended Lagrangians and Hamiltonians are defined to also de-
pend on the connection coefficients and their respective con-
jugates. The general space-time transformation theory in clas-
sical vacuum is then based on an extended generating function
that defines the mapping of the connection coefficients in the
transition from one frame of reference to another. As an ex-
tended generating function simultaneously defines the trans-
formation rule for the canonical conjugates of the connection
coefficients as well as the transformation law for the extended
Hamiltonians, one directly encounters a particular extended
Hamiltonian that is form-invariant under the required trans-
formation law of the connection coefficients while maintain-
ing the action principle. The set of canonical field equations
following from the obtained gauge-invariant Hamiltonian now
establishes a field equation for the Riemann curvature tensor
that is no longer postulated, but uniquely emerges from both
the action principle and the general principle of relativity.
II. EXTENDED LAGRANGIANS Le IN THE REALM OF
CLASSICAL FIELD THEORY
A. Variational principle, extended set of Euler-Lagrange field
equations
Similar to point dynamics, the Lagrangian formulation of
continuum dynamics (see, e.g., [7]) is based on a scalar La-
grange function L that is supposed to contain the complete
information on the given physical system. In a first-order
scalar field theory, the Lagrangian L is defined to depend on
I = 1, . . . , N—possibly interacting—scalar fields φI(x), on
the vector of independent space-time variables xµ, and on the
first derivatives of the scalar fields φI with respect to the in-
dependent variables, i.e., on the covariant vectors (1-forms)
∂φI
∂xν
≡
(
∂φI
∂x0
,
∂φI
∂x1
,
∂φI
∂x2
,
∂φI
∂x3
)
.
The Euler-Lagrange field equations are then obtained as the
zero of the variation δS of the action functional over a space-
time region R
S =
∫
R
L
(
φI ,
∂φI
∂xν
, xµ
)
d4x, δS
!
= 0 (1)
as
∂
∂xj
∂L
∂
(
∂φI
∂xj
) − ∂L
∂φI
= 0. (2)
If the Lagrangian L is to describe the dynamics of a set of
vector fields aµI (x) that possibly couple to the scalar fields
φI , then the additional Euler-Lagrange equations take on the
similar form
∂
∂xj
∂L
∂
(
∂a
µ
I
∂xj
)− ∂L
∂aµI
= 0, L = L
(
φI ,
∂φI
∂xν
, aµI ,
∂aµI
∂xν
, xµ
)
.
(3)
The derivatives of vectors do not transform as tensors. This
means that the Euler-Lagrange equations (2) and (3) are not
form-invariant under transformations of the space-time met-
ric. Any field equation emerging from Eqs. (2) and (3) that
holds a local frame y must finally be rendered a tensor equa-
tion in order for the theory described by L to hold in any refer-
ence frame. This is achieved by converting all partial deriva-
tives in the field equations into covariant derivatives.
In analogy to the extended formalism of point mechan-
ics ([8, 9]), the action integral from Eq. (1) can directly be
cast into a more general form by decoupling its integration
measure from a possibly explicit xµ-dependence of the La-
grangian L
S =
∫
R′
L
(
φI ,
∂φI
∂xν
, xµ
)
detΛ d4y. (4)
Herein, detΛ 6= 0 stands for the determinant of the Jacobi
matrix Λ = (Λµν′) that is associated with a regular transfor-
mation xµ 7→ yµ of the independent variables and the corre-
sponding transformation R 7→ R′ of the integration region
Λ = (Λµν′) =


∂x0
∂y0
. . . ∂x
0
∂y3
.
.
.
.
.
.
.
.
.
∂x3
∂y0
. . . ∂x
3
∂y3

 ,
det Λ =
∂(x0, . . . , x3)
∂(y0, . . . , y3)
6= 0
Λµν′(y) =
∂xµ(y)
∂yν
, Λµ
′
ν (x) =
∂yµ(x)
∂xν
,
Λαν′Λ
µ′
α = Λ
µ
α′Λ
α′
ν = δ
µ
ν . (5)
Here, the prime indicates the location of the new independent
variables, yµ. As this transformation constitutes a mapping
of the space-time metric, the Λµν′ are referred to as the space-
time coefficients. The integrand of Eq. (4) can be thought of
as defining an extended Lagrangian Le,
Le
(
φI ,
∂φI(y)
∂yν
, xµ(y),
∂xµ(y)
∂yν
)
= L
(
φI ,
∂φI(y)
∂yk
∂yk
∂xν
, xµ(y)
)
detΛ. (6)
In the language of tensor calculus, the conventional La-
grangian L represents an absolute scalar whereas the ex-
tended LagrangianLe transforms as a relative scalar of weight
3w = 1 under a mapping of the independent variables, yµ.
With this property, Le is referred to as a scalar density. Both,
L and Le have the dimension of Length−4 in natural units
(c = 1). The now dependent variables x0, . . . , x3 in the ar-
gument list of Le can be regarded as an extension of the set
of fields φI , I = 1, . . . , N . In other words, the xµ(y) are
treated on equal footing with the fields φI(y). In terms of the
extended Lagrangian Le, the action integral over d4y from
Eq. (4) is converted into an integral over an autonomous La-
grangian, hence over a Lagrangian that does not explicitly de-
pend on its independent variables, yµ
S =
∫
R′
Le
(
φI ,
∂φI
∂yν
, xµ(y),
∂xµ
∂yν
)
d4y. (7)
As this action integral has exactly the form of the initial one
from Eq. (1), the Euler-Lagrange field equations emerging
from the variation of Eq. (7) take on form of Eq. (2) (see Ap-
pendix C)
∂
∂yj
∂Le
∂
(
∂φI
∂yj
) − ∂Le
∂φI
= 0,
∂
∂yj
∂Le
∂
(
∂xµ
∂yj
) − ∂Le
∂xµ
= 0.
(8)
An extended Lagrangian Le that is correlated to a conven-
tional Lagrangian L according to Eq. (6) is referred to as
a trivial extended Lagrangian. Clearly, multiplying a con-
ventional Lagrangian L by detΛ and expressing the xν -
derivatives of the fields by means of the chain rule in terms
of yν-derivatives does not add any information. The system’s
description in terms of a trivial Le is thus equivalent to that
provided by L.
Yet, a dynamical system that exhibits a dynamical space-
time is generally described by an extended LagrangianLe that
does not have a conventional counterpart L. Furthermore,
is possible to define extended Lagrangians Le that depend
in addition on the connection coefficients γηαξ (x) (see Ap-
pendix B) and their respective xν -derivatives that describe the
space-time curvature in the x reference frame
S =
∫
R′
Le
(
φI ,
∂φI
∂yν
, γηαξ (x),
∂γηαξ
∂xν
, xµ(y),
∂xµ
∂yν
)
d4y,
δS
!
= 0. (9)
This description follows the path of A. Palatini [6, 10], who
treated the connection coefficients and the metric as a priori
independent quantities. Their correlation then follows from
the extended Lagrangian in Eq. (9) by means of the additional
Euler-Lagrange equation (see Appendix C)
∂
∂xj
∂Le
∂
(
∂γ
η
αξ
∂xj
) − ∂Le
∂γηαξ
= 0. (10)
Equations (8) and (10) must be simultaneously fulfilled in or-
der to minimize the action functional (9). This determines
uniquely the system’s dynamics which includes the dynamics
of the space-time geometry.
III. EXTENDED HAMILTONIANS He IN CLASSICAL
FIELD THEORY
A. Extended canonical field equations
For a covariant Hamiltonian description, the momentum
fields piνI and p˜iνI must be defined as the dual quantities of
the derivatives of the fields φI according to
piνI (x) =
∂L
∂
(
∂φI
∂xν
) , p˜iνI (y) = ∂Le
∂
(
∂φI
∂yν
) . (11)
The momentum fields p˜iνI emerging from the extended La-
grangian density Le transform as
p˜iνI (y) = pi
j
I(x)
∂yν
∂xj
detΛ ⇔ piνI (x) = p˜i
j
I(y)
∂xν
∂yj
1
detΛ
.
(12)
As indicated by the tilde, the p˜iνI = piνI detΛ represent ten-
sor densities of weight w = 1, whereas the piνI transform as
absolute tensors.
Corresponding to the momentum field p˜iνI (y) that consti-
tutes the dual counterpart of the Lagrangian dynamical vari-
able ∂φI(y)/∂yν , the canonical variable t˜ νµ is defined for-
mally as the dual counterpart of ∂xµ/∂yν and r˜ αξνη (x) as the
dual counterpart of ∂γηαξ (x)/∂xν . Thus, t˜ νµ and r˜ αξνη (x)
follow similarly to Eq. (11) from the respective partial deriva-
tive of the extended Lagrangian density Le as
t˜ νµ = −
∂Le
∂
(
∂xµ(y)
∂yν
) = t˜ νj (y) ∂yj∂xµ = t˜ jµ (x) ∂y
ν
∂xj
,
r˜ αξνη (x) =
∂Le
∂
(
∂γ
η
αξ
(x)
∂xν
) . (13)
The nontensorial quantity γηαξ (x) must be derived with re-
spect to the xν rather than with respect to yν . Its canonical
conjugate r˜ αξνη (x) then also refers to the space-time event x.
Possible symmetry properties in η, α, ξ of ∂γηαξ/∂xν must
agree with those of r˜ αξνη in order for both quantities to be
actually dual to each other. The Hamiltonian H and the cor-
related extended Hamiltonian He can now be defined as the
covariant Legendre transform of the Lagrangian L and the
pertaining extended Lagrangian Le
H
(
φI , piI , γ, r, x
)
= pijJ
∂φJ
∂xj
+ r αξjη
∂γηαξ
∂xj
− L
(
φI ,
∂φI
∂xν
, γηαξ ,
∂γηαξ
∂xν
, xµ
)
He
(
φI , p˜iI , γ, r˜, x, t˜
)
= p˜ijJ
∂φJ
∂yj
+ r˜ αξjη
∂γηαξ
∂xj
− t˜ βα
∂xα
∂yβ
− Le
(
φI ,
∂φI
∂yν
, γηαξ ,
∂γηαξ
∂xν
, xµ,
∂xµ
∂yν
)
. (14)
4The correlation (6) of conventional and extended Lagrangians
thus entails a corresponding correlation of conventional and
extended Hamiltonians,
He = H det Λ− t˜
β
α
∂xα
∂yβ
. (15)
With this definition of the extended Hamiltonian He, one en-
counters an extended set of the canonical equations. Calculat-
ing explicitly the partial derivatives of He from Eq. (14) with
respect to all canonical variables yields
∂He
∂p˜iνI
=
∂p˜ijJ
∂p˜iνI
∂φJ
∂yj
= δIJδ
j
ν
∂φJ
∂yj
=
∂φI
∂yν
∂He
∂r˜ αξνη
=
∂r˜ αξjη
∂r˜ αξνη
∂γηαξ
∂xj
= δjν
∂γηαξ
∂xj
=
∂γηαξ
∂xν
∂He
∂t˜ νµ
= −
∂t˜ ji
∂t˜ νµ
∂xi
∂yj
= −δjνδ
µ
i
∂xi
∂yj
= −
∂xµ
∂yν
∂He
∂φI
= −
∂Le
∂φI
= −
∂
∂yj
∂Le
∂
(
∂φI
∂yj
) = −∂p˜ijI
∂yj
∂He
∂γηαξ
= −
∂Le
∂γηαξ
= −
∂
∂xj
∂Le
∂
(
∂γ
η
αξ
∂xj
) = −∂r˜ αξjη
∂xj
∂He
∂xµ
= −
∂Le
∂xµ
= −
∂
∂yj
∂Le
∂
(
∂xµ
∂yj
) = ∂t˜ jµ
∂yj
. (16)
Obviously, an extended Hamiltonian He—through its φI ,
γηαξ , and xµ dependencies—only determines the divergences
∂p˜ijI/∂y
j
, ∂r˜ αξjη /∂x
j
, and ∂t˜ jµ /∂yj but not the individual
components p˜iνI , r˜ αξνη , and t˜ νµ of the canonical “momentum”
tensor densities. Consequently, the momenta are only deter-
mined by the HamiltonianHe up to divergence-free functions.
The action integral from Eq. (9) can be equivalently ex-
pressed in terms of the extended HamiltonianHe by applying
the Legendre transform (14)
S =
∫
R′
(
p˜ijJ
∂φJ
∂yj
+ r˜ αξjη
∂γηαξ
∂xj
− t˜ ji
∂xi
∂yj
−He
(
φI , p˜iI , γ, r˜, x, t˜
))
d4y. (17)
This representation of the action integral forms the basis on
which the extended canonical transformation formalism will
be worked out in Sec. IV.
In case that the extended Lagrangian describes the dynam-
ics of (covariant) vector fields, aIµ(y), the canonical momen-
tum fields are to be defined as
p˜µνI (y) =
∂Le
∂
(
∂aIµ
∂yν
) . (18)
Similar to Eq. (12), the tensor densities p˜µνI then represent
the dual quantities of the yν-derivatives of the vector fields
aIµ and hence the canonical conjugates of the aIµ(y) in the
extended covariant Hamiltonian description.
IV. EXTENDED CANONICAL TRANSFORMATIONS
A. Generating function of type F1
In the realm of classical field theory, the condition for defin-
ing extended canonical transformations that include map-
pings xµ(y) 7→ Xµ(y) of the respective space-time refer-
ence systems xµ and Xµ and of the connection coefficients
γηαξ (x) 7→ Γ
η
αξ(X) is based on the extended version of
the action functional (17). Specifically, the action principle
δS
!
= 0 is again required to be conserved under the action
of the transformation, with yµ denoting the common indepen-
dent variables of both reference frames. Requiring the varia-
tion of the action functional to be maintained implies the in-
tegrand to be determined only up to the divergence of a 4-
vector function Fµ1 = F
µ
1 (φI ,ΦI , γ,Γ, x,X) on the original
and the transformed dynamical “field” variables. The gener-
ating functionFµ1 depends on the sets of original fields φI and
transformed fields ΦI in conjunction with the connection co-
efficients γηαξ (x), Γ
η
αξ(X) at the original space-time events
xν(y) and transformed ones, Xν(y)
Le = L
′
e +
∂F j1
∂yj
⇐⇒
p˜ijJ
∂φJ
∂yj
+ r˜ αξkη
∂γηαξ
∂xk
− t˜ βα
∂xα
∂yβ
−He
= Π˜jJ
∂ΦJ
∂yj
+ R˜ αξkη
∂Γηαξ
∂Xk
− T˜ βα
∂Xα
∂yβ
−H′e +
∂F j1
∂yj
.
(19)
At this point, the tensor densities r˜ αξµη (x) and R˜ αξµη (X)
merely denote formally the respective canonical conjugates
of the connection coefficients, γηαξ (x) and Γ
η
αξ(X), whose
dynamics—and hence whose physical meaning—follows
later from the corresponding canonical equation. Since the in-
dependent variables yµ are not transformed, the divergence of
the vector function Fµ1 (φI ,ΦI , γ,Γ, x,X) can be expressed
locally as the ordinary divergence
∂F j1
∂yj
=
∂F j1
∂φI
∂φI
∂yj
+
∂F j1
∂ΦI
∂ΦI
∂yj
+
∂F j1
∂γηαξ
∂xk
∂yj
∂γηαξ
∂xk
+
∂F j1
∂Γηαξ
∂Xk
∂yj
∂Γηαξ
∂Xk
+
∂F j1
∂xi
∂xi
∂yj
+
∂F j1
∂X i
∂X i
∂yj
.
(20)
Comparing the coefficients of Eqs. (19) and (20), the extended
local coordinate representation of the transformation rules in-
duced by the extended generating function Fµ1 (y) are
p˜iµI =
∂Fµ1
∂φI
, Π˜µI = −
∂Fµ1
∂ΦI
, r˜ αξµη =
∂F j1
∂γηαξ
∂xµ
∂yj
,
R˜ αξµη = −
∂F j1
∂Γηαξ
∂Xµ
∂yj
, t˜ µν = −
∂Fµ1
∂xν
, T˜ µν =
∂Fµ1
∂Xν
,
H′e = He, H
′ detΛ′ − T˜ βα
∂Xα
∂yβ
= H detΛ− t˜ βα
∂xα
∂yβ
.
(21)
5Note that the nontensor quantities γηαξ (x) must always re-
fer to the original reference system, x, and, correspondingly,
Γηαξ(X) to the transformed reference system, X . The ref-
erence systems of their local canonical conjugates, hence the
tensor densities r˜ αξµη (x) and R˜ αξµη (X) are defined accord-
ingly. The indices of t˜ µν and T˜ µν in Eq. (21) are related to
different reference systems. The upper index of t˜ µν and T˜ µν
pertains to the reference system y, whereas the lower index
refers to the reference systems x and X , respectively. In or-
der to attribute these quantities a definite space-time location,
hence to convert them into regular tensors, the transformations
follow as
θ˜ µν (x) = t˜
j
ν
∂xµ
∂yj
= −
∂F j1
∂xν
∂xµ
∂yj
,
Θ˜ µν (X) = T˜
j
ν
∂Xµ
∂yj
=
∂F j1
∂Xν
∂Xµ
∂yj
,
in agreement with the definition of t˜ µν as the dual quan-
tity of ∂xν/∂yµ from Eq. (13). As shown in Appendix A,
the tensor θ µν (x) represents the canonical energy-momentum
tensor of the original system if the dynamical system is de-
scribed by a trivial extended LagrangianLe or its correspond-
ing Legendre-transform that defines a trivial extended Hamil-
tonian,He.
According to Eqs. (21), the value of an extended Hamilto-
nian He is conserved under extended canonical transforma-
tions. Hence, the transformed extended Hamiltonian density
H′e(ΦI , Π˜I ,Γ, R˜,X, T˜ ) is obtained by expressing the orig-
inal extended Hamiltonian He(φI , p˜iI , γ, r˜, x, t˜ ) in terms of
the transformed fields ΦI , Π˜µI , the transformed Γ
η
αξ , R˜
αξµ
η
and the transformed space-time location Xν , and its canonical
conjugate, T˜ µν .
B. Generating function of type F2
The generating function of an extended canonical transfor-
mation can alternatively be expressed in terms of a function
Fµ2 of the original fields φI , the connection coefficients of the
original system, γηαξ (x), and the original space-time coordi-
nates, xµ in conjunction with the new conjugate fields Π˜µI ,
the R˜ αξµη as the duals to Γ
η
αξ(X), and the T˜ µν as the duals
to −∂Xν/∂yµ. In order to derive the pertaining transforma-
tion rules, the following extended Legendre transformation is
performed
Fµ2 (φI , Π˜I , γ, R˜, x, T˜ )
= Fµ1 (φI ,ΦI , γ,Γ, x,X) + ΦI Π˜
µ
I
+ ΓηαξR˜
αξj
η
∂yµ
∂Xj
−XjT˜ µj . (22)
The resulting transformation rules are
p˜iµI =
∂Fµ2
∂φI
, ΦIδ
µ
ν =
∂Fµ2
∂Π˜νI
, r˜ αξµη =
∂F j2
∂γηαξ
∂xµ
∂yj
Γηαξδ
µ
ν =
∂Fµ2
∂R˜ αξjη
∂Xj
∂yν
, t˜ µν =−
∂Fµ2
∂xν
, Xαδµν =−
∂Fµ2
∂T˜ να
H′e = He, H
′ detΛ′−T˜ βα
∂Xα
∂yβ
=H detΛ− t˜ βα
∂xα
∂yβ
.
(23)
These transformation rules are equivalent to the set of
Eqs. (21) if the Legendre transformation (22) is nonsingular,
hence if the determinant of the Hesse matrix ofF1 is nonzero.
V. GENERAL SPACE-TIME TRANSFORMATION IN
VACUUM
Given a classical vacuum system, i.e., a system with no
fields. An extended canonical transformation that maps the
space-time geometry from a space-time location x to X
under the transformation law of the connection coefficients
γηαξ (x) 7→ Γ
η
αξ(X) in a coordinate basis (see Appendix B)
is generated by
Fµ2 (γ, R˜, x, T˜ ) = −T˜
µ
α h
α(x) + R˜ αξλη
∂yµ
∂Xλ
×
(
γkij
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
+
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
)
.
(24)
In this definition of an extended generating function of type
Fµ2 (y), the tensor density components R˜ αξλη (X) ∂yµ/∂Xλ
denote formally the canonical conjugates of the connection
coefficients Γηαξ(X) of the transformed system and hence
the dual quantities to the yµ-derivatives of the Γηαξ(X). The
γηαξ (x) stand for the connection coefficients of the origi-
nal system. The tensor density components R˜ αξµη (X) ≡
R αξµη (X) detΛ
′ then represent the dual quantities of the
Xµ-derivatives of the transformed connection coefficients
Γηαξ(X)
R˜ αξλη (X)
∂yµ
∂Xλ
∂Γηαξ(X)
∂yµ
= R αξλη (X)
∂Γηαξ(X)
∂Xλ
detΛ′.
Likewise, the tensor density components r˜ αξµη (x) ≡
r αξµη (x) det Λ denote the dual quantities of the xµ-
derivatives of the connection coefficients γηαξ (x) of the origi-
nal system. No predication with respect to the physical mean-
ing of r αξµη and R αξµη is made at this point.
The particular generating function (24) entails the follow-
ing transformation rules according to the general rules from
Eqs. (23)
Γηαξδ
µ
ν =
∂Fµ2
∂R˜ αξjη
∂Xj
∂yν
= δµν
(
γkij
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
+
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
)
r˜ ijµk =
∂Fκ2
∂γkij
∂xµ
∂yκ
= R˜ αξλη
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
∂xµ
∂Xλ
Xαδµν = −
∂Fµ2
∂T˜ να
= δµνh
α(x)
6t˜ µν = −
∂Fµ2
∂xν
= T˜ µα
∂hα(x)
∂xν
− R˜ αξλη
∂yµ
∂Xλ
×
[
γkij
∂
∂xν
(
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
)
+
∂
∂xν
(
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
)]
hence
Γηαξ(X) = γ
k
ij (x)
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
+
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
r˜ ijµk (x) = R˜
αξλ
η (X)
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
∂xµ
∂Xλ
Xµ = hµ(x)
t˜ µν = T˜
µ
α
∂Xα
∂xν
− R˜ αξλη
∂yµ
∂Xλ
×
[
γkij
∂
∂xν
(
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
)
+
∂
∂xν
(
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
)]
. (25)
According to Eqs. (23), the last rule yields the transformation
rule for the conventional Hamiltonians via
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
= H′ detΛ′ −H detΛ
= R˜ αξλη
∂xν
∂Xλ
[
γkij
∂
∂xν
(
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
)
+
∂
∂xν
(
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
)]
. (26)
Yet, what is actually desired is the transformation rule for the
Hamiltonians as expressed in terms of their proper dynami-
cal variables γ, r and Γ, R, respectively. This requires to ex-
press all derivatives of the functions xµ(y) and Xµ(y) in (26)
in terms of the original and transformed connection coeffi-
cients γηαξ (x) and Γ
η
αξ(X) and their conjugates, r˜ αξµη and
R˜ αξµη , by making use of the respective canonical transfor-
mation rules (25). This calculation is worked out explicitly
in Appendix D. Remarkably, the transformation rule (26) can
indeed completely and symmetrically be expressed in terms
of the canonical variables of the original and the transformed
system as
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
= 12 R˜
αξµ
η
(
∂Γηαξ
∂Xµ
+
∂Γηαµ
∂Xξ
− ΓkαξΓ
η
kµ + Γ
k
αµΓ
η
kξ
)
− 12 r˜
αξµ
η
(
∂γηαξ
∂xµ
+
∂γηαµ
∂xξ
− γkαξγ
η
kµ+γ
k
αµγ
η
kξ
)
.
Gathering original and transformed dynamical variables on ei-
ther side of the equation yields
1
2 R˜
αξµ
η
(
∂Γηαξ
∂Xµ
+
∂Γηαµ
∂Xξ
− ΓkαξΓ
η
kµ + Γ
k
αµΓ
η
kξ
)
− T˜ βα
∂Xα
∂yβ
= 12 r˜
αξµ
η
(
∂γηαξ
∂xµ
+
∂γηαµ
∂xξ
− γkαξγ
η
kµ + γ
k
αµγ
η
kξ
)
− t˜ βα
∂xα
∂yβ
. (27)
The left- and right-hand sides of this equation can be regarded
as extended HamiltoniansH′e andHe, respectively, which sat-
isfy the required transformation ruleH′e = He from Eqs. (23).
Obviously, the Hamiltonians not only retain their values but
are furthermore form-invariant under the extended canonical
transformation generated by Eq. (24).
In order for the canonical equations following from the
HamiltoniansHe andH′e to be compatible with the canonical
transformation rules (25), the above form-invariant Hamilto-
nians must be amended, by “free field” Hamiltonians
H′e,dyn = −
1
4R
αξµ
η R
η
αξµ detΛ
′,
He,dyn = −
1
4r
αξµ
η r
η
αξµ det Λ.
Clearly, H′e,dyn = He,dyn must hold under the rules (25)
in order for the final extended Hamiltonians to maintain the
required transformation rule H′e = He. This is ensured if
detΛ′ = detΛ, hence if
∂
(
X0, . . . , X3
)
∂ (x0, . . . , x3)
=
∂
(
h0(x), . . . , h3(x)
)
∂ (x0, . . . , x3)
= 1. (28)
Thus, the by now arbitrary function hα(x) in the generating
function (24) must satisfy Eq. (28). The final form-invariant
extended Hamiltonian that is compatible with the extended
set of canonical transformation rules generated by (24) now
writes for the x reference frame
He
(
r˜, γ, t˜
)
= −t˜ βα
∂xα
∂yβ
− 14 r˜
αξµ
η r
η
αξµ
+ 12 r˜
αξµ
η
(
∂γηαµ
∂xξ
+
∂γηαξ
∂xµ
+ γkαµγ
η
kξ − γ
k
αξγ
η
kµ
)
.
(29)
VI. CANONICAL EQUATIONS
The canonical equation for the connection coefficients fol-
lows as
∂γηαξ
∂xµ
=
∂He
∂r˜ αξµη
= − 12r
η
αξµ
+ 12
(
∂γηαµ
∂xξ
+
∂γηαξ
∂xµ
+ γkαµγ
η
kξ − γ
k
αξγ
η
kµ
)
.
7Solved for rηαξµ one finds
rηαξµ =
∂γηαµ
∂xξ
−
∂γηαξ
∂xµ
+ γkαµγ
η
kξ − γ
k
αξγ
η
kµ . (30)
One thus encounters exactly the representation of the Rie-
mann curvature tensor in terms of the connection coefficients
and their derivatives. The quantity R˜ αξλη (X)∂yµ/∂Xλ was
formally introduced in the generating function (24) as the
canonical conjugate of the connection coefficient Γηαξ(X) in
order to yield the required transformation law for γηαξ (x).
With Eq. (30), the quantity r αξµη is now attributed a physical
meaning. It is manifestly skew-symmetric in the indices ξ and
µ. With Eq. (30) being a tensor equation, the second canoni-
cal transformation (25) rule is satisfied, which requires rηαξµ
to transform as a tensor.
The divergence of r˜ αξµη follows from the derivative of He
with respect to γηαξ
(
r˜ αξβη
)
,β
≡
∂r˜ αξβη
∂xβ
= −
∂He
∂γηαξ
= γkηβ r˜
αξβ
k −γ
α
kβ r˜
kξβ
η .
(31)
On the other hand, the covariant divergence of a tensor den-
sity r˜ αξµη is given by(
r˜ αξβη
)
;β
=
(
r˜ αξβη
)
,β
− γkηβ r˜
αξβ
k + γ
α
βk r˜
kξβ
η
+ γξβk r˜
αkβ
η +✘✘✘
✘✘γββk r˜
αξk
η −✘✘✘
✘
✘
γkkβ r˜
αξβ
η .
The last two terms cancel as usual for the divergence of a ten-
sor density. The field equation (31) is thus equivalently ex-
pressed in terms of the covariant derivative as(
r˜ αξβη
)
;β
= γαkβ r˜
kβξ
η + γ
α
βk r˜
kξβ
η + γ
ξ
βk r˜
αkβ
η
=
(
γαkβ − γ
α
βk
)
r˜ kβξη − γ
ξ
kβ r˜
αkβ
η . (32)
As r˜ αkβη is skew-symmetric in k, β according to the first
canonical equation (30), the contraction with γξkβ in the right-
most term of Eq. (32) extracts the skew-symmetric part of
the connection coefficients, hence the torsion tensor sξkβ =
1
2 (γ
ξ
kβ − γ
ξ
βk ). Thus, Eq. (32) is actually a tensor equation(
r˜ αξβη
)
;β
=
{
2sαkβ r˜
kβξ
η − s
ξ
kβ r˜
αkβ
η in general
0 for a torsion-free space-time.
(33)
The canonical equation for the space-time coefficients follows
as
∂xν
∂yµ
= −
∂He
∂t˜ µν
=
∂xν
∂yµ
.
As a common feature of all trivial extended Hamiltonians, no
substantial equation for the space-time coefficients emerges
but only an identity that allows for arbitrary space-time dy-
namics.
As He does not depend on the xν , the canonical equation
for the t˜ µν follows as
∂t˜ αν
∂yα
= −
∂He
∂xν
= 0. (34)
The explicit representation of t˜ αν will be derived in Eq. (37)
from the LagrangianLe that follows fromHe by means of the
Legendre transformation prescription (14).
VII. FORM-INVARIANT LAGRANGIAN,
EULER-LAGRANGE EQUATIONS
The extended Lagrangian Le corresponding to the form-
invariant Hamiltonian from (29) is obtained by means of the
regular Legendre transformation
Le = r˜
αξµ
η
∂γηαξ
∂xµ
− t˜ βα
∂xα
∂yβ
−He
= 14 r˜
αξµ
η r
η
αξµ −
1
2 r˜
αξµ
η
×
(
∂γηαµ
∂xξ
−
∂γηαξ
∂xµ
+ γkαµγ
η
kξ − γ
k
αξγ
η
kµ
)
= − 14 r˜
αξµ
η r
η
αξµ. (35)
Note that—in contrast to the Hamiltonian description—the
curvature tensor rηαξµ does not constitute a proper dynam-
ical variable but only abbreviates the particular combina-
tion (30) of the connection coefficients and their respective
derivatives—which comprise in conjunction with the space-
time coefficients the actual dynamical variables of the La-
grangian description. The dependence ofLe on the space-time
coefficients is expressed implicitly in terms of metric tensors
Le
(
γηαξ ,
∂γηαξ
∂xν
,
∂xµ
∂yν
)
= − 14r
αξµ
η r
η
αξµ detΛ
= − 14gκηg
βαgλξgζµrκβλζr
η
αξµdetΛ. (36)
The t˜ νµ represent the duals of the space-time coefficients,
hence, their explicit form follows from Le according to the
general rule (13). Owing to the identities (A5) and (A6), one
finds for the Lagrangian (36)
− t˜ νµ =
∂Le
∂
(
∂xµ
∂yν
)
=
(
r αξkη (x) r
η
αξµ(x)−
1
4δ
k
µ r
αξβ
η r
η
αξβ
)∂yν
∂xk
detΛ.
(37)
The explicit calculation is worked out in Appendix E. As Le
does not depend on xµ, the divergence of t˜ νµ vanishes accord-
ing to the Euler-Lagrange equation (8) and in agreement with
the canonical equation (34). With Eq. (A4), its final form is
then
∂
∂xk
(
r αξkη (x) r
η
αξµ(x)−
1
4δ
k
µ r
αξβ
η r
η
αξβ
)
= 0,
8which has the corresponding tensor form(
r αξkη r
η
αξµ −
1
4δ
k
µ r
αξβ
η r
η
αξβ
)
;k
= 0. (38)
To set up the Euler-Lagrange equation (10) for the connection
coefficients, the derivative of Le from Eq. (36) with respect
to the derivatives of the connection coefficients is to be calcu-
lated first
∂Le
∂
(
∂γk
ij
(x)
∂xλ
) = − 12 r˜ αξµη ∂r
η
αξµ
∂
(
∂γk
ij
∂xλ
)
= − 12 r˜
αξµ
η δ
η
k
(
δiαδ
λ
ξ δ
j
µ − δ
i
αδ
j
ξδ
λ
µ
)
= − 12
(
r˜ iλjk − r˜
ijλ
k
)
= r˜ ijλk (x). (39)
The quantities ∂γkij (x)/∂xλ and r˜
ijλ
k (x) are thus dual to
each other in the system described by the extended La-
grangian (36), in agreement with the corresponding canonical
equation (30).
The derivative of Le with respect to the connection coeffi-
cients is
∂Le
∂γkij
= − 12 r˜
αβµ
η
(
δξkδ
i
αδ
j
µ γ
η
ξβ + δ
i
ξδ
j
βδ
η
k γ
ξ
αµ
− δξkδ
i
αδ
j
β γ
η
ξµ − δ
i
ξδ
j
µδ
η
k γ
ξ
αβ
)
= − 12
(
r˜ iβjη γ
η
kβ + r˜
αjµ
k γ
i
αµ
− r˜ ijµη γ
η
kµ − r˜
αβj
k γ
i
αβ
)
= r˜ ijαβ γ
β
kα + r˜
αβj
k γ
i
αβ .
In conjunction with Eq. (39) this yields the Euler-Lagrange
equation
∂r˜ ijλk
∂xλ
− γβkα r˜
ijα
β − γ
i
αβ r˜
αβj
k = 0,
which actually represents a tensor equation and agrees, as ex-
pected, with the canonical equation from Eq. (31) and the sub-
sequent field equations (33). For a torsion-free space-time,
one gets in particular (
r αξkη
)
;k
= 0, (40)
which is a sufficient condition for Eqs. (38) to be satisfied
identically [11].
The coupled set of field equations (38) and (40) must be
simultaneously satisfied in order to minimize the action (9).
Equation (40) provides the correlation of the connection coef-
ficients with the metric, which here does not coincide with the
usual Levi-Civita connection of standard general relativity.
VIII. FORM-INVARIANT LAGRANGIAN INCLUDING
MATTER
The canonical approach to general relativity suggests that
the dynamics of space-time may be described by an ex-
tended Lagrangian scalar density that is quadratic in the Rie-
mann curvature tensor. Explicitly, this “quadratic gravity” La-
grangian is proposed as
LQGe = Le + κ¯LM detΛ, Le = −
1
4r
αξβ
η r
η
αξβ detΛ,(41)
with κ¯ a dimensionless coupling constant to the subsystem
LM that describes a conventional dynamical system associ-
ated with mass and/or energy. Therefore LM detΛ defines
a trivial extended Lagrangian. Its derivative with respect to
the space-time coefficients then yields the canonical energy-
momentum tensor θ νµ (x) of the system described by LM, as
derived in Eq. (A3). The derivative of LQGe then follows as
∂LQGe
∂
(
∂xµ
∂yν
) = [r αξkη (x) rηαξµ(x)− 14δkµ r αξβη rηαξβ
− κ¯θ kµ (x)
]∂yν
∂xk
detΛ.
If LM does not explicitly depend on the xµ, then the Euler-
Lagrange equation for the space-time coefficients is given by
∂
∂yν
([
r αξkη (x) r
η
αξµ(x) −
1
4δ
k
µ r
αξβ
η r
η
αξβ
− κ¯θ kµ (x)
]∂yν
∂xk
detΛ
)
= 0,
hence by virtue of Eq. (A4) in tensor form(
r αξkη r
η
αξµ −
1
4δ
k
µ r
αξβ
η r
η
αξβ − κ¯θ
k
µ
)
;k
= 0, (42)
which generalizes the field equation of the matter-free sys-
tem from Eq. (38). As LM detΛ does not depend on the con-
nection coefficients, the corresponding Euler-Lagrange equa-
tion of LQGe agrees with (40). Provided that the conventional
mass/energy Lagrangian LM in (41) is autonomous, hence
does not explicitly depend on space-time, then both groups
of covariant derivatives of (42) vanish separately(
r αξkη r
η
αξµ −
1
4δ
k
µ r
αξβ
η r
η
αξβ
)
;k
≡ 0, θ kµ ;k ≡ 0,
which states the local conservation of energy and momentum
for a closed system.
Equation (42) constitutes the equation of general relativity
as derived from the extended canonical transformation of the
connection coefficients. It is not assumed here that the Levi-
Civita connection applies for the independent geometric quan-
tities given by the Christoffel symbols and the metric. Rather,
the connection is established by Eq. (33) or by the more spe-
cial equation (40) in the case of a torsion-free space-time.
IX. CONCLUSIONS
The gauge theory that is based on the extended canonical
transformation formalism suggests that general relativity is
described by the Lagrangian
LQGe =
(
− 14R
αξβ
η R
η
αξβ + κ¯LM
)
detΛ, (43)
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vature tensor term andLM the conventional matter/energy La-
grangian. Following Palatini’s approach, the extended canon-
ical formalism treats the Christoffel symbols and the space-
time coefficients implicitly contained in (43) as independent
quantities. This yields two independent Euler-Lagrange equa-
tions that must be simultaneously satisfied in order for the so-
lutions to satisfy the action principle. No a priori assumptions
on a correlation of the Christoffel symbols with the space-time
coefficients—and hence the metric—are made.
The extended Lagrangian (43) was obtained by Legendre-
transforming the form-invariant extended Hamiltonian that
emerged from an extended canonical transformation. The
underlying extended generating function Fµ2 was set up to
yield the required transformation rule for the connection co-
efficients. The latter act as “gauge coefficients” that render
globally (Lorentz-)invariant systems form-invariant under the
corresponding local transformation group, i.e. the diffeomor-
phism group. The form-invariant extended Hamiltonian could
then be deduced from the general rules for extended canonical
transformations in the realm of field theory.
As was noted by C. Lanczos [12], the Lagrangian of gen-
eral relativity should be a quadratic function of the curva-
ture tensor elements in order to obey the principle of scale-
independence, which means that the value of the action inte-
gral (9) “should not depend on the arbitrary units employed
in measuring the lengths of the space-time manifold.” The
Lagrangian (43) derived here meets this requirement. Sum-
marizing, the theory has the following properties
1. The space-time geometry is of Riemannian type, with a
torsion of space-time not excluded a priori. Hence, the
theory does not presuppose nor require the equivalence
principle—i.e. the equivalence of gravitational and in-
ertial mass—to hold strictly.
2. The theory is based on the action principle, which
yields field equations for the space-time and the con-
nection coefficients and hence the metric tensor.
3. The general principle of relativity is satisfied, hence,
the theory is form-invariant under the canonical trans-
formation of the connection coefficients and their
conjugates—which ensures the action principle to be
maintained. This can be regarded as the realization of
the gauge principle for a diffeomorphism-invariant the-
ory, with the connection coefficients playing the role of
“gauge fields.”
4. The principle of scale invariance holds, hence the
theory is form-invariant under transformations of the
length scales of the space-time manifold.
5. The theory is unambiguous in the sense that no other
functions of the Riemann curvature tensor emerge from
the canonical transformation formalism.
6. In contrast to standard general relativity that is based
on the postulated Einstein-Hilbert action, the La-
grangian (36) is derived, based on the requirement of
its form-invariance under the canonical transformation
of the connection coefficients, and hence on the general
principle of relativity. Moreover, no ad hoc assumption
concerning the relation of the connection coefficients
with the metric is incorporated into the formalism. In-
stead, it is the canonical equation (33) that provides the
correlation of the connection coefficients with the met-
ric.
7. For the source-free case (LM ≡ 0), the theory is com-
patible with standard general relativity in the torsion-
free limit as it possesses then the Schwarzschild met-
ric as a solution [11]. For LM 6= 0, the solution
is expected to differ from that of standard general
relativity—especially if a torsion of space-time is not
to be excluded a priori.
8. A quantized theory that is based on the Lagrangian (43)
is renormalizable [13]. It is a well-known fact that the
energy of a gravitational field is not localizable, hence
that the energy-momentum (pseudo-)tensor of the grav-
itational field depends on the frame of reference. In a
quantized theory of gravity, this would mean that the
hypothetical interaction bosons (the “gravitons”) are the
quanta of a nontensorial classical “field” that is repre-
sented by the connection coefficients Γξµν .
Remarkably, a Lagrangian of the form of Eq. (41) that is
quadratic in the curvature tensor was already proposed by
A. Einstein in a personal letter to Hermann Weyl, dated March
08, 1918 [14], reasoning analogies with other classical field
theories.
Appendix A: USEFUL IDENTITIES
In order to show that the conventional Lagrangian L de-
scription of a dynamical system is compatible with the cor-
responding description in terms of extended Lagrangians, we
must make use of the following identities
∂φI
∂xα
=
∂φI
∂yi
∂yi
∂xα
⇒
∂
(
∂φI
∂xα
)
∂
(
∂φI
∂yν
) = δνi ∂yi∂xα = ∂y
ν
∂xα
⇒
∂
(
∂φI
∂xα
)
∂
(
∂yν
∂xµ
) = ∂φI
∂yi
δiνδ
µ
α =
∂φI
∂yν
δµα
∂xν
∂yk
∂yk
∂xµ
= δνµ
⇒
∂
(
∂yν
∂xµ
)
∂
(
∂xα
∂yβ
) = − ∂yν
∂xα
∂yβ
∂xµ
⇒
∂2yk
∂xµ∂xξ
∂xν
∂yk
= −
∂2xν
∂yj∂yk
∂yj
∂xξ
∂yk
∂xµ
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∂
(
∂φI
∂xα
)
∂
(
∂xµ
∂yν
) = ∂
(
∂φI
∂xα
)
∂
(
∂yj
∂xi
) ∂
(
∂yj
∂xi
)
∂
(
∂xµ
∂yν
)
= −
∂φI
∂yj
∂yj
∂xµ
∂yν
∂xα
= −
∂φI
∂xµ
∂yν
∂xα
. (A1)
Frequently, the derivative of the Jacobi determinant with re-
spect to the space-time coefficients needs to be inserted. This
quantity is easiest calculated on the basis of the general for-
mula for a determinant of an n × n matrix A = (aik). With
Sn the set of all permutations pi of the numbers 1, . . . , n, the
determinant is given by the sum over all pi ∈ Sn
detA =
∑
pi∈Sn
sgnpi a1pi(1) . . . anpi(n).
Herein, sgnpi = ±1 depending on the permutation to consist
of an even or odd number of elementary transpositions of pairs
of numbers. In the first case, sgnpi = +1 whereas sgnpi =
−1 in the latter. This means for detΛ
detΛ =
∑
pi∈Sn+1
sgnpi
∂x0
∂ypi(0)
. . .
∂xn
∂ypi(n)
.
With the sum over all α, the expression
∂ det Λ
∂
(
∂xµ
∂yα
) ∂xν
∂yα
=
( ∑
pi∈Sn+1
sgnpi
∂x0
∂ypi(0)
. . .
∂xµ−1
∂ypi(µ−1)
δαpi(µ)
×
∂xµ+1
∂ypi(µ+1)
. . .
∂xn
∂ypi(n)
)
∂xν
∂yα
=
∑
pi∈Sn+1
sgnpi
∂x0
∂ypi(0)
. . .
∂xµ−1
∂ypi(µ−1)
∂xν
∂ypi(µ)
∂xµ+1
∂ypi(µ+1)
. . .
∂xn
∂ypi(n)
is either zero for ν 6= µ as the derivative of xν then occurs
twice or equal to detΛ for ν = µ as the derivative of xµ is
recovered and thus yields the initial expression for the deter-
minant det Λ. Thus
∂ detΛ
∂
(
∂xµ
∂yα
) ∂xν
∂yα
= δνµ detΛ,
hence
∂ detΛ
∂
(
∂xµ
∂yν
) = ∂yν
∂xµ
detΛ. (A2)
The correlation (6) of the trivial extended Lagrangian Le and
conventional Lagrangian L emerges from the requirement of
Eq. (4) to yield the identical action S, hence to describe the
same physical system. The derivative of a trivial extended
Lagrangian with respect to the space-time coefficients yields
the canonical energy-momentum tensor. Explicitly,
∂Ltrive
∂
(
∂xµ
∂yν
) = L ∂ detΛ
∂
(
∂xµ
∂yν
) + ∂L
∂
(
∂φI
∂xα
) ∂
(
∂φI
∂xα
)
∂
(
∂xµ
∂yν
) det Λ
= L
∂yν
∂xµ
detΛ −
∂L
∂
(
∂φI
∂xα
) ∂φI
∂xµ
∂yν
∂xα
detΛ
=

δiµL − ∂L
∂
(
∂φI
∂xα
) ∂φI
∂xµ

 ∂yν
∂xα
detΛ
= −θ αµ (x)
∂yν
∂xα
det Λ = −θ˜ αµ (x)
∂yν
∂xα
, (A3)
where θ νµ denotes the energy-momentum tensor, and θ˜ νµ the
corresponding tensor density at the same space-time location.
A frequently used identity follows as
∂
∂yα
∂ detΛ
∂
(
∂xµ
∂yα
) = ∂
∂yα
(
∂yα
∂xµ
detΛ
)
=
∂2yα
∂xµ∂xβ
∂xβ
∂yα
detΛ +
∂yα
∂xµ
∂ detΛ
∂
(
∂xi
∂yj
) ∂2xi
∂yj∂yα
=
(
∂2yα
∂xµ∂xβ
∂xβ
∂yα
+
∂yα
∂xµ
∂yj
∂xi
∂2xi
∂yj∂yα︸ ︷︷ ︸
(A1)
= − ∂
2yα
∂xµ∂xβ
∂xβ
∂yα
)
det Λ
≡ 0. (A4)
This identity is used for setting up the extended set of Euler-
Lagrange equations.
The derivative of the contravariant metric with respect to
the space-time coefficients follows as
∂gµν(y)
∂
(
∂xα
∂yβ
) = gij(x)

∂
(
∂yµ
∂xi
)
∂
(
∂xα
∂yβ
) ∂yν
∂xj
+
∂yµ
∂xi
∂
(
∂yν
∂xj
)
∂
(
∂xα
∂yβ
)


= −gab(y)
∂xi
∂ya
∂xj
∂yb
(
∂yµ
∂xα
∂yβ
∂xi
∂yν
∂xj
+
∂yµ
∂xi
∂yν
∂xα
∂yβ
∂xj
)
= −gβν(y)
∂yµ
∂xα
− gµβ(y)
∂yν
∂xα
= −
(
δµj g
βν(y) + δνj g
µβ(y)
) ∂yj
∂xα
. (A5)
The derivative of the covariant metric with respect to the
space-time coefficients is then
∂gµν(y)
∂
(
∂xα
∂yβ
) = gij(x)

 ∂
(
∂xi
∂yµ
)
∂
(
∂xα
∂yβ
) ∂xj
∂yν
+
∂xi
∂yµ
∂
(
∂xj
∂yν
)
∂
(
∂xα
∂yβ
)


= gab(y)
∂ya
∂xi
∂yb
∂xj
(
δiαδ
β
µ
∂xj
∂yν
+
∂xi
∂yµ
δjαδ
β
ν
)
=
(
δβµ gjν(y) + δ
β
ν gµj(y)
) ∂yj
∂xα
. (A6)
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Appendix B: CONNECTION COEFFICIENTS
The derivatives of a vector aµ do not transform as tensors
∂aµ(X)
∂Xν
=
∂ai(x)
∂xj
∂xj
∂Xν
∂xi
∂Xµ
+ ai(x)
∂2xi
∂Xµ∂Xν
, (B1)
provided that the reference system x(y) is curved with respect
to the reference system X(y), which means that not all second
derivatives of the xµ in (B1) vanish.
Equation (B1) can be converted into a tensor equation by
introducing connection coefficients γµαβ (x) and Γµαβ(X)
∂aµ(X)
∂Xν
=
∂xj
∂Xν
∂xi
∂Xµ
∂ai(x)
∂xj
+ ak(x)
∂2xk
∂Xµ∂Xν
=
∂xj
∂Xν
∂xi
∂Xµ
(
∂ai(x)
∂xj
− ak(x)γ
k
ij (x)
)
+ ak(X) Γ
k
µν(X).
Then
∂aµ(X)
∂Xν
− ak(X)Γ
k
µν(X)
=
∂xj
∂Xν
∂xi
∂Xµ
(
∂ai(x)
∂xj
− ak(x)γ
k
ij (x)
)
,
which shows that the quantity
ai;j ≡
∂ai(x)
∂xj
− ak(x)γ
k
ij (x) (B2)
transforms as a tensor, provided that the connection coeffi-
cients transform as
ak(x)
∂2xk
∂Xµ∂Xν
= ak(x)
∂xk
∂Xj
Γjµν(X)
−
∂xj
∂Xν
∂xi
∂Xµ
ak(x)γ
k
ij (x).
As this equation holds for arbitrary ak(x), it follows that
Γjµν(X)
∂xk
∂Xj
= γkij (x)
∂xi
∂Xµ
∂xj
∂Xν
+
∂2xk
∂Xµ∂Xν
, (B3)
and finally after contraction with ∂Xα/∂xk,
Γαµν(X) = γ
k
ij (x)
∂xi
∂Xµ
∂xj
∂Xν
∂Xα
∂xk
+
∂2xk
∂Xµ∂Xν
∂Xα
∂xk
.
(B4)
This equation provides the unique correlation of the space-
time coefficients and their derivatives with the connection co-
efficients. The connection coefficients are symmetric in their
lower indices for torsion-free space. Otherwise, their skew-
symmetric part define the torsion tensor.
Appendix C: EULER-LAGRANGE EQUATIONS FOR
SPACE-TIME COEFFICIENTS AND CONNECTION
COEFFICIENTS
Given an extended Lagrangian that depends on the space-
time event, the connection coefficients, and their respective
space-time derivatives. The action functional over a space-
time region R is then
S =
∫
R
Le
(
γηαξ (y),
∂γηαξ
∂yν
, xµ(y),
∂xµ
∂yν
)
d4y, δS
!
= 0.
(C1)
The variation of Le follows as
δLe =
∂Le
∂xα
δxα +
∂Le
∂
(
∂xα
∂yβ
)δ(∂xα
∂yβ
)
+
∂Le
∂γηαξ
δγηαξ
+
∂Le
∂
(
∂γ
η
αξ
∂yβ
)δ
(
∂γηαξ
∂yβ
)
.
As the independent variables yµ are not varied, the differentia-
tion with respect to yβ may be interchanged with the variation.
This yields the equivalent representations of δLe
δLe =
∂Le
∂xα
δxα +
∂Le
∂
(
∂xα
∂yβ
) ∂ (δxα)
∂yβ
+
∂Le
∂γηαξ
δγηαξ
+
∂Le
∂
(
∂γ
η
αξ
∂yβ
) ∂
(
δγηαξ
)
∂yβ
and
δLe =

∂Le
∂xα
−
∂
∂yβ
∂Le
∂
(
∂xα
∂yβ
)

δxα+ ∂
∂yβ

 ∂Le
∂
(
∂xα
∂yβ
)δxα


+

 ∂Le
∂γηαξ
−
∂
∂yβ
∂Le
∂
(
∂γ
η
αξ
∂yβ
)

 δγηαξ
+
∂
∂yβ

 ∂Le
∂
(
∂γ
η
αξ
∂yβ
)δγηαξ

 .
According to Gauss’ theorem, the divergence terms can be
converted into surface terms in the action functional. This
means explicitly
∫
R
∂
∂yβ

 ∂Le
∂
(
∂xα
∂yβ
)δxα

 d4y = ∮
∂R
∂Le
∂
(
∂xα
∂yβ
)δxα dSβ
∫
R
∂
∂yβ

 ∂Le
∂
(
∂γ
η
αξ
∂yβ
)δγηαξ

d4y=∮
∂R
∂Le
∂
(
∂γ
η
αξ
∂yβ
)δγηαξdSβ
with dSβ denoting the β component of the normal vector on
the boundary surface ∂R of the volume R. Both surface in-
tegrals vanish since on the boundary of the space-time region
R
δxα|∂R = 0, δγ
η
αξ
∣∣∣
∂R
= 0,
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which implies that the space-time geometry is flat on ∂R. The
action principle δS != 0 then reduces to
0
!
=
∫
R
[(
∂Le
∂xα
−
∂
∂yβ
∂Le
∂
(
∂xα
∂yβ
))δxα
+
(
∂Le
∂γηαξ
−
∂
∂yβ
∂Le
∂
(
∂γ
η
αξ
∂yβ
)
)
δγηαξ
]
d4y
As the variations δxα and δγηαξ are arbitrary and mutually in-
dependent by assumption, this condition can only be satisfied
if the expressions in parentheses vanish simultaneously
∂
∂yβ
∂Le
∂
(
∂xα
∂yβ
) − ∂Le
∂xα
= 0,
∂
∂yβ
∂Le
∂
(
∂γ
η
αξ
∂yβ
) − ∂Le
∂γηαξ
= 0.
These equations are the Euler-Lagrange equations for the
space-time and the connection coefficients.
Appendix D: EXPLICIT CALCULATION OF THE
TRANSFORMATION RULE (27)
In expanded form, Eq. (26) reads
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
= R˜ αξµη
[
γkij
(
∂2Xη
∂xk∂xν
∂xν
∂Xµ
∂xi
∂Xα
∂xj
∂Xξ
+
∂2xi
∂Xα∂Xµ
∂Xη
∂xk
∂xj
∂Xξ
+
∂2xj
∂Xξ∂Xµ
∂Xη
∂xk
∂xi
∂Xα
)
+
∂2Xη
∂xk∂xν
∂2xk
∂Xα∂Xξ
∂xν
∂Xµ
+
∂3xk
∂Xα∂Xξ∂Xµ
∂Xη
∂xk
]
. (D1)
This expression is now split into a skew-symmetric and a symmetric part of R˜ αξµη in the indices ξ, µ according to
R˜ αξµη =
1
2
(
R˜ αξµη − R˜
αµξ
η
)
+ 12
(
R˜ αξµη + R˜
αµξ
η
)
= R˜ α[ξµ]η + R˜
α(ξµ)
η .
For the skew-symmetric part, R˜ α[ξµ]η , the two terms in (D1) symmetric in ξ, µ vanish, hence
R˜ α[ξµ]η
[
γkij
(
∂2Xη
∂xk∂xν
∂xν
∂Xµ
∂xi
∂Xα
∂xj
∂Xξ
+
∂2xi
∂Xα∂Xµ
∂Xη
∂xk
∂xj
∂Xξ
)
+
∂2Xη
∂xk∂xν
∂xν
∂Xµ
∂2xk
∂Xα∂Xξ
]
= R˜ α[ξµ]η
[
∂2Xη
∂xk∂xν
∂xν
∂Xµ
(
γkij
∂xi
∂Xα
∂xj
∂Xξ
+
∂2xk
∂Xα∂Xξ
)
+ γkij
∂2xi
∂Xα∂Xµ
∂Xη
∂xk
∂xj
∂Xξ
]
= R˜ α[ξµ]η
[
Γjαξ
∂2Xη
∂xk∂xν
∂xk
∂Xj
∂xν
∂Xµ
+ γkij
∂2xi
∂Xα∂Xµ
∂Xη
∂xk
∂xj
∂Xξ
]
= R˜ α[ξµ]η
[
Γjαξ
(
γikν
∂Xη
∂xi
∂xk
∂Xj
∂xν
∂Xµ
− Γηjµ
)
+ γkij
(
Γaαµ
∂xi
∂Xa
− γiab
∂xa
∂Xα
∂xb
∂Xµ
)
∂Xη
∂xk
∂xj
∂Xξ
]
= R˜ α[ξµ]η
(
−ΓiαξΓ
η
iµ − γ
i
abγ
k
ij
∂xa
∂Xα
∂xb
∂Xµ
∂Xη
∂xk
∂xj
∂Xξ
+ Γjαξγ
i
kν
∂Xη
∂xi
∂xk
∂Xj
∂xν
∂Xµ
+ Γjαµγ
i
kν
∂Xη
∂xi
∂xk
∂Xj
∂xν
∂Xξ
)
= −R˜ α[ξµ]η Γ
i
αξΓ
η
iµ + γ
i
abγ
k
ij R˜
α[ξµ]
η
∂xa
∂Xα
∂xb
∂Xξ
∂Xη
∂xk
∂xj
∂Xµ
= −R˜ α[ξµ]η Γ
i
αξΓ
η
iµ + r˜
a[bj]
k γ
i
abγ
k
ij = −R˜
α[ξµ]
η Γ
i
αξΓ
η
iµ + r˜
α[ξµ]
η γ
i
αξγ
η
iµ
= − 12 R˜
αξµ
η
(
ΓiαξΓ
η
iµ − Γ
i
αµΓ
η
iξ
)
+ 12 r˜
αξµ
η
(
γiαξγ
η
iµ − γ
i
αµγ
η
iξ
)
.
The two mixed terms in Γ, γ cancel each other due to the skew-symmetry of R˜ α[ξµ]η in ξ, µ.
The contribution of (26) emerging from the symmetric part
R˜
α(ξµ)
η can be expressed in terms of the derivatives of the
connection coefficients, whose transformation rule is
∂Γηαξ
∂Xκ
∂Xκ
∂xν
=
∂γkij
∂xν
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
+ γkij
∂
∂xν
(
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
)
+
∂
∂xν
(
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
)
.
Thus
R˜ α(ξµ)η
∂xν
∂Xµ
[
γkij
∂
∂xν
(
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
)
+
∂
∂xν
(
∂Xη
∂xk
∂2xk
∂Xα∂Xξ
)]
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= R˜ α(ξµ)η
∂xν
∂Xµ
(
∂Γηαξ
∂Xκ
∂Xκ
∂xν
−
∂γkij
∂xν
∂Xη
∂xk
∂xi
∂Xα
∂xj
∂Xξ
)
= R˜ α(ξµ)η
∂Γηαξ
∂Xµ
− r˜
i(jν)
k
∂γkij
∂xν
= R˜ α(ξµ)η
∂Γηαξ
∂Xµ
− r˜ α(ξµ)η
∂γηαξ
∂xµ
= 12 R˜
αξµ
η
(
∂Γηαξ
∂Xµ
+
∂Γηαµ
∂Xξ
)
− 12 r˜
αξµ
η
(
∂γηαξ
∂xµ
+
∂γηαµ
∂xξ
)
.
The total transformation rule (D1) expressed in terms of con-
nection coefficients is then
T˜ βα
∂Xα
∂yβ
− t˜ βα
∂xα
∂yβ
= 12 R˜
αξµ
η
(
∂Γηαξ
∂Xµ
+
∂Γηαµ
∂Xξ
− ΓiαξΓ
η
iµ + Γ
i
αµΓ
η
iξ
)
− 12 r˜
αξµ
η
(
∂γηαξ
∂xµ
+
∂γηαµ
∂xξ
− γiαξγ
η
iµ + γ
i
αµγ
η
iξ
)
.
Appendix E: EXPLICIT CALCULATION OF THE
EULER-LAGRANGE EQUATION (38)
The form-invariant extended Lagrangian describing the
source-free space-time dynamics is given by
Le
(
γηαξ ,
∂γηαξ
∂xν
,
∂xµ
∂yν
)
= − 14gκηg
βαgλξgζτrκβλζr
η
αξτ detΛ,
with gκη denoting the covariant metric tensor and gβα its con-
travariant counterpart. In this description, the curvature tensor
rκβλζ—as defined by Eq. (30)—only depends on the connec-
tion coefficients and their space-time derivatives. Thus, only
the metric tensors and detΛ have derivatives with respect to
the space-time coefficients ∂xµ/∂yν . These derivatives were
worked out explicitly with Eqs. (A5), (A6), and (A2). The
derivative ofLe with respect to the space-time coefficients fol-
lows as
∂Le
∂
(
∂xµ
∂yν
) = − 14rκβλζrηαξτ detΛ

 ∂gκη(y)
∂
(
∂xµ
∂yν
)gβαgλξgζτ + ∂gβα(y)
∂
(
∂xµ
∂yν
)gκηgλξgζτ
+
∂gλξ(y)
∂
(
∂xµ
∂yν
)gκηgβαgζτ + ∂gζτ (y)
∂
(
∂xµ
∂yν
)gκηgβαgλξ + ∂yν
∂xµ
gκηg
βαgλξgζτ


= − 14r
κ
βλζr
η
αξτ detΛ
∂yj
∂xµ
[(
δνκ gjη + δ
ν
η gκj
)
gβαgλξgζτ
−
(
δβj g
να + δαj g
βν
)
gκηg
λξgζτ −
(
δλj g
νξ + δξj g
λν
)
gκηg
βαgζτ
−
(
δζj g
ντ + δτj g
ζν
)
gκηg
βαgλξ + δνj gκηg
βαgλξgζτ
]
= 14 det Λ
∂yj
∂xµ
(
− rνβλζr
η
αξτ gjηg
βαgλξgζτ − rκβλζr
ν
αξτ gκjg
βαgλξgζτ
+ rκjλζr
η
αξτ gκηg
ναgλξgζτ + rκβλζr
η
jξτ gκηg
βνgλξgζτ
+ rκβjζr
η
αξτ gκηg
βαgνξgζτ + rκβλζr
η
αjτ gκηg
βαgλνgζτ
+ rκβλjr
η
αξτ gκηg
βαgλξgντ + rκβλζr
η
αξjgκηg
βαgλξgζν
− δνj r
κ
βλζr
η
αξτ gκηg
βαgλξgζτ
)
= 14 det Λ
∂yj
∂xµ
(
−2rναξτ rjαξτ + 2r
ηνξτ rηjξτ + 2r
ηαντ rηαjτ + 2r
ηαξνrηαξj − δ
ν
j r
ηαξτ rηαξτ
)
=
(
− 12r
ναξτ rjαξτ +
1
2r
ηνξτ rηjξτ + r
ηαξνrηαξj −
1
4δ
ν
j r
ηαξτ rηαξτ
)∣∣
y
∂yj
∂xµ
detΛ
=
(
− 12r
jαξτ rµαξτ +
1
2r
ηjξτ rηµξτ + r
ηαξjrηαξµ −
1
4δ
j
µr
ηαξτ rηαξτ
)∣∣
x
∂yν
∂xj
detΛ.
The first two terms cancel under the precondition that rναξτ is
skew-symmetric also in its first index pair. This is ensured if a
metric is present ([15, p 324]), which is assumed in the actual
context. The final result is thus
∂Le
∂
(
∂xµ
∂yν
) = (rηαξj rηαξµ − 14δjµrηαξβrηαξβ) ∂yν∂xj detΛ.
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